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Conformalharmonicanalysison hyperboloids
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LetH bea hyperboloidof evendimension.We give a ~-cohomo1ogicalinterpretationofthe
decompositionofL

2(H) on thepartscorrespondingto thediscreteandcontinuousspectra.
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Let H=Hp,q_i bethe hyperboloidof signature(p, q—l) in l~,n=p+q—1,

(1)

Considerthecanonicalactionof SO(p,q— 1) onH. Then

du=dA(x)Jdx
1 A~”Adx~ (2)

istheinvariant measure,

dX2A”A dx~

d~= 211 ifx1�O.
ConsidertheHubertspaceL

2(H, dit) andthe unitaryrepresentationUofSO(p,
q—l) in L2(H, d~u).The spectralanalysisof this representationis well known
(see,e.g., ref. [1]). In this paperwe want to discusstwo newobservationsfor
odd n.

(I) If Ud andU,, arethepartsof Ucorrespondingto thediscreteandcontinuous
spectra,thenUd, U~admitan extensionto the irreducibleunitaryrepresentations
Ud, U~ofSO(p,q).

(II) 0d~ ~c can be realizedin Hardy spacesof ô-cohomologyfor pseudo
Hermitiansymmetricspaceswith boundaryH. Thesespacesof cohomologyad-
mit adescriptionin the languageof Fourier integrals.

Bothconstructionscanbegeneralizedto manyotheraffine symmetricspaces.
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1. Projectivizationof the problem

Let PHbe the projectivizationof H, so thatPH is definedin PP” with homo-
geneouscoordinatesx= (x0, x1, ..., x~)by the equation

~ (3)

H is theaffinizationof PHcorrespondingto thehyperplaneatinfinity x0 = 1.

Proposition1. TherepresentationUofSO(p, q — 1) can beextendedasa unitary
representationUofSO(p,q).

Proof Let

dfl=dQ(x)jw(x),

~ (—l)~x1A~~, (4)
j=O i5eJ

and~‘ = L
2 (PH, dfl) be the Hilbert spaceof homogeneousfunctionsf ( x) of de-

gree— (n—1)12,

f(1x)=I~I’~’2f(x), REP,

with the norm

11f112= J f(x)12dfl. (5)

In formula(5) weintegrateoveran arbitrarysectionof pn ±1 PP~D PHand
the integralis independentof the choiceof section.Theelementsof L2(PH, dfl)
aredefineduniquelyby their restrictionsto the hyperplanex

0 = 1; theserestric-
tionsareelementsof L

2(H, d
4u). So

5t’=L
2(PH, dfl)~L2 (H, d~u)

andthe natural representationof SO(p,q) in L2(PH, dfl) by translationsgives

anextensionof therepresentationU; we will denotethisextensionalsoby U. n

2. Parabolic affinization and decompositionof U

Betweenaffine forms of PHthere are two hyperboloidsH~,q 1, I ,q and one
paraboloid ,q~I.q- 1• RepresentQ(x) in theform

Q(x)=xox
1+x~++x?,—x~+i—”~—x~

=x0x1 +m(x’) , x’= (x2, ..., x~)
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Thenweget theparaboloid,9 = I,q in the hyperplanex0= 1. ThegroupG~,
of affineautomorphismsof .9 is P”~>~1(P>< XSO(p—l,q—l)),

x’~-~gx’,gESO(p—l,q—l), x1~-*x1

x’E—~Ax’, x1~-÷)~
2x

1,/
2LaP\O;

x’ i-+ x’+a, x
1 —~x1—2m(x’,a)—m(a), aEP~,

m(a,b) is the bilinearform correspondingto m(x’).

Lemma. The restriction UI G~ is thesumoftwo irreduciblerepresentations.

Proof Let ustakex0 = I, andtakex’ = (x2, ..., x~)ascoordinateson .9. Thisgives
the embedding~ —~PH.The imageof L

2(PH, d~à)under the restriction
to P~‘ coincideswith L2 (P~ 1, dx’). Let usconsidertheFouriertransform,

andlet ~‘ denotetheimageof2’. TheactionofP >< XSO(p—1, q— 1) on ~‘ is the
same as on 2’ and the elements aeP’~’will act as multiplication by
exp(i<a,c’>). Let

where~ arethe subspacesof elementsof §‘ with supportsin the conesV±=
m(c’) ~ 0), respectively.It is clearthatthey,as well astheir pre-images2’+,

areinvariantandirreducible.So

wherefe2’±iffsuppjc V±andUL
9~±areirreducible. n

3. Projectors on 2’±and SO(p,q) invariance

TheprojectorsP±on 2’±are

P~f=K±*f,
whereK±= 3~‘,c( V±),,c( V±)is the characteristicfunctionof V±.Wewill give

explicit formulasfor K±.

Proposition. Wehave

K~+K_ =ö(x’)
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and

(i) ifp is odd,q is eventhen

(ii) ifp andqareodd, then

K~(x’) = ~ô(x’) + (—1 )) ‘m (n—I )/2_I (8/öx’)ö(m(x’))

(iii) Ifp is even,q is odd, then

~

(iv) ifp andq areeven,then

~

X (m~(~—I.)I2]+ (_ l)’2mE~~2])

We usethe notationm~’~for the meromorphiccontinuation(on )~)of the
distribution

(m~,~)=J ImI~~’,
m~O

andm~0] for theconstanttermin theLaurentseriesfor m~at)~=)~0[2].
Thisformulaimmediatelyfollows from the formulasin ref. [2], ch. IV, 32, for

distributionsrelatedto quadraticforms. Forus it is importantthatK±areinvar-
iantdistributionsfor P~<xSO(p — 1, q— 1) of degree— (n — 1) sothat theyhave
the structurep(m(x)) wherep is a homogeneousdistributionin onevariable.

Let us remarkthat, ifx
0=y0= I andQ(x)=Q(y) =0, then

—Q(x,y)=m(x’—y’),

where

Q(x, y)=~(Q(x+y)—Q(x)—Q(y))

is the bilinear form correspondingto Q(x). Therefore,if n is odd then 2’=
L

2(PH, dfl),

P±f(g)=Jp(Q(x;y))o(Q(y))f(y)w(y) (6)

(equalityof distributions).
Thekernelp(Q(x,y)) is SO(p,q) invariantandP±commutewith U:

Theorem2. Thesubspaces2’±are invariant underSO(p,q) if n is oddand the
correspondingrepresentationsU±areirreducible.
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Remarks 3.
(i) We havedefinedSO(p,q)-invariant (projective)objects,U±,usingthe

Fourier integral,which is only G~,invariant (affine). If we replacein the defini-
tion the Fouriertransformby the Radontransformwe obtainprojectiveinvar-
iantdefinitions.

Namely,let

f(~,~)= Jf(x)o(Q(x) )ó( <~,x> ) <~,x> ~(n-3)/2~(X) (7)

The integrandis homogeneousof degree0 in x. Let
(i) ~=(ôQ/ôx)(x°), Q(x°)=0,
(ii) <~,x°>=0.

If x°=(0, 1, 0, ..., 0), <~, x> =x0, we havethe usual Radon transformfor
ç(x’)=f(l, —m(x’),x’) andtheconditionfe2’±is equivalentto

J’(~,~~)=0 ifQ(~)~0. (R±)

The groupSO(p,q) actsby translationsof (~, ii). Onecangivea direct descrip-
tion of functionsf(~,~) (an analogof the Paley—Wienertheoremfor transfor-
mation (7)) andthis givesan alternativerealizationof the representationsU÷.
We will discusstheseresults in a separatepaperabout integral geometryon
hyperboloids.

(ii) On the hyperboloidHp,q_i thereis a canonicalconformalstructure:iso-
tropicconesaretheintersectionsOfHp,qi with tangenthyperplanes.ThenSO(p,
q— 1) isthefull affine conformalgroupandSO(p, q) isthefull conformalgroup.
The isotropicconeson the paraboloid~— ~ in coordinatesx’ aretranslation
equivalentso that the conformalstructureis flat. On the analyticallevel it gives
us thepossibilityof usingthe Fourierintegralfor conformalconstructions.

4. Pseudo-Hermitiansymmetricmanifoldson CPHand Hardy spaces
of~-cohomology

Let CPHbethe complexificationof PH in CP~?,

Q(z)=z0z1+m(z’)=O, z=(zo,z1,z’)eCP’
1,

Q(z,w)=z
0w1+z2W2+”~+zqwq—Zq+jWq+I ~ZnWn.

Let usconsiderin CPH the domains

~± ={zeCPH:ReQ(z,~9)~0}. (8)

Thenfor z0= 1, (8) is equivalent(direct computation)to

m(Imz’)~0. (8’)
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Thatis, in thesecoordinates,.9±aretubedomains,

T±=P~+iV÷.

DomainsD~~ T.~do not coincideif p> 2: .9~containsaset ontheplanez0= 1.
We will showthat U±admit realizationsin Hilbert (—Hardy) spacesof cohom-
ology H~’~

2~( T~), H’~2~(T).

Remark. If p= 2 thenT~hastwo componentsT~.~., T~—, correspondingto the
two convexcomponentsof the coneV~andH~°~is the direct sumof the Hardy
spacesof holomorphicfunctionson T~±, T~—.

To definethecohomologywe will constructcoveringsof tubedomainsT±by
tubedomainswith convexbases.Letx’= (r, u), r= (x

2, ..., xv),u= (x~+1 x,,)
and

Vw={(r, u)eP”~: <w, r>
2—u2>.0 , <w, r> >0}

(OES~~2(IIWlI=l) .This is the convexconewhich containsthe (p—2)-space{(r, U): <w, r> =0,
u=0}. It is clearthat

~ V~= U V°’, (10)
CnESP—’

sothatthetubedomainsT~ = 1~ j V°~makeup thecoveringof T~.
To define the cohomologywe will usethe nonstandardlanguageof Radon

cocycles.

Definition. We will call the family ofholomorphic functions

c1(w, z’)=~~(<w,r>, u) , z’= (r, u)cT°’

aRadon—Hardy(p—2 )-cocycleif

r a~—2
IIcI~Il)= sup j p-2~~~(a+ip,)~+i~u)~’p~(c+ip,)~+i~u)dad2<x,

1Vb112= J lVPIl~dw<oc;
Sp—2

do is theinvariantmeasureon

dw=(IrI”~2dIrI)jdr, reP°~

We will call the HardyspaceH~”2~(T~)of the (p—2)-dimensional~-cohom-
ology in T~theHilbert spaceof cocycles~.
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Remark. Forthecovering{T°’} the subspaceof theL2 coboundaryis trivial.

Proposition.Letf(x’) e2’~, J(~’)e2’~,and

f~(t,u)=~~’,
7)~.(~Uj(pa.,~)

(inverse Fourier transform on variables (p, ii)). Then

f~..k(w;z’)=f~(<w,r>,u)

is theisometrybetweentheHi/bert spaces18~andHS’~
2~( .9±).

Let

Iw(t,u)= $ f(r,u)(<w,dr>]drAdu)
<w, r>=t

(theRadontransformin r) and
fw_jw±fw

where]’~ is holomorphicon tE C’ in theupper(lower)halfplane.Then
f ?w

Jw.J ±

The propositionis a direct consequenceof the Parsevalformula(in spherical
coordinates)andtherelationbetweentheRadonandFouriertransforms.

5. c~echand Dolbeault cohomologies

We now construct tech and Dolbeault L2 cocycles correspondingto the
Radon—Hardycocycles.

Let Q= (w’, ..., w’~’),w’eS~2, andSQbethe simplexwith verticesin o’,

Proposition4. For the Radon—Hardy cocycle ck tmlet

= $ <w, a/ar> 2~(z’) dw,

zeTQ=Tn.nTw~~~,z’=(r,u). (11)

Then~~eH2(T’~) (Hardyspace)and{~~2} isa tech(p—2)-cocycle,

~ (—l)’~°’ (Of (OP(2/)=O Z’ET(”flT~. (12)

Conversely,zf{k’2} is a cocyclewithelementsfromH2(T’~)thencb~admitsa
representation(11).
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The cocycle property (12) for (11) canbe verified directly. If ‘bCE H2( T0)
thenthereis a representation(11) but ‘i canbe dependenton Q. But the ad-
ditive propertyof the integralon 5~~2givestheindependencefrom Q.

Let T~bethe manifoldofpairs(w, z’), WES~2,z’eT~,andlet x: —~T~be
thenaturalprojection.

Proposition 5. Let w= y (z’), z’ E T be an arbitrary section of m: —~T~and

~~={<w, a/ar>~—~p(w,z’) dwIW~Y(~’)}t0”~2~

(We consider the restriction of the form on w=y(f) as the form of T+ and take its
(O,p—2)component.)Then

(i) d~,is a-closed;
(ii) thecohomologyclass~={b~}is independentofy;
(iii) 4~correspondsto thetechclass{ ~i
(iv)

~~(t,w)= J ~.

<w,r> =1

Im r~const.

The proofusesthe inversionformulafor the Radon—Penrosetransformof a-
cohomology(cf. refs. [3,4]).

6. Affine invariant definition of cohomology

Theorem2 impliesthatH~”2~(.9k) for odd n is invariantunderthe induced
actionof SO(p,q). Butourdefinitionis not invariantundereitherthe conformal
groupSO(p,q) or theaffine groupG

2,.To provetheinvarianceit is sufficientto
extendthecoveringup to aninvariantone.Webeginwith anaffineconstruction.

Let T’± bethe setof q-frames2,

2={21 ...,2’} ,

suchthatthe intersectionsVA of V~by theplanegeneratedby 2 hasthe signature

(1,q— 1). ThenthedualconeV~canbedefinedby thecondition

s(1;<~l,x’>,...,<~~,xt>)>0,(2’,x’>>O,

wheres(2;~)is aquadraticform in pq, sign s(2; . ) = (1, q— 1). We have

VA V~ V~= U V~,
A~r÷

andthecorrespondingcoveringof T~by tubedomainsTA,
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1cT~:T~= U TA.
XET÷

Thecoveringfrom n.4 correspondsto
5.o2

2
1=(a,0,...,0), ~ 2�j�q.

Let

1(2;z’) = ~‘A( <2’, z’>, ..., <2~,z’)) ,

bea family of holomorphicfunctionsin TA, satisfyingF. John’ssystemof differ-
entialequations

a(DA(t)/a2k a2~=a2~
2(t)/aA~a2~.

Then [5] thedifferentialform

~ )
(wherewehave (p—2) equalcolumns { } andwe usethe exteriorproductof
differential formsfor the calculationofthe determinant)is closed.

Thecorrespondingëechcocycleisgivenby

~A(z~)= $ ~, A=2’,...,2~’, 2’cF+,

S(A)

whereS(A) is thesimplexwith vertices21, 2” ~. If ?±={(2, z’), Z’E TA), 2=
2(z’) isa sectionof ?~—~T±,then

I th \ (O,p—2)

— ~K A=A(z’)i

isthecorrespondingDolbeaultform.
Let

(icc’k,c1)(1,dA)= sup J ~c~~d(Rez’).
Im z’e V~

The family ~ is calledaRadon—Hardycocycleif

II~!I2=_~$(,c~,~)(2,dA)<cc,

wherey isa (p—2)-cyclein r~.Letf(x’)c 2’~and

..., ~ t’, ..., t~)= 5 f(x’)ö(<2’,x’)—t’ ~ x’> ~t~) dx’

beits Radon—Johntransform.Then
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f(2; t)=f~(1; t) +f_ (2; t),

wheref±areholomorphicin the tubedomains{s(2; Im t) >0, Im t, ~0} and
~5(2~)=j4~(2; <2, z’>) is aRadon—Hardycocycle.

Remarkabouttheconformalinvariantconstruction.In our construction the
pointx°=(0, 1, 0, ..., 0) was special.If we fix an arbitraryx°,Q(x°)=0,and
takethetangentplaneto PH={Q(x) = 0) in x°,

<,i,x>=0, ~=(aQ/ax)(x0)

as theplaneatinfinity, we canrepeatourconsiderations.Theunionof all cover-
ings ~T

2} for all x°,Q(x°)=0 is an SO(p,q)-invariantcoveringandin sucha
way wewill get an SO (p, q) -invariantdescriptionof H~”2~( .9+). The descrip-
tion of thisconstructionaswell as the decompositionU±on the irreduciblerep-
resentationsof SO(p,q— 1) will bethesubjectof a separatepaper.
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